INTRODUCTION
This article is primarily concerned with positive solutions for degenerate elliptic systems of the form .for single parabolic equations (i.e., U, = du" +f(x, u)) has been studied recently for porous medium analysis and population dynamics (cf. [2, 7, 15, 18, 191) . As t -+ cc these solutions tend to a solution of the corresponding elliptic scalar equation. Studies have also been carried out in these and other papers (e.g., [3, 4, 16, 171) with urn replaced by $(u) satisfying the conditions described above. In this article, however, the hypotheses on f are quite different from those in the papers mentioned above. For example, f is not necessarily Lipschitz in u and may depend discontinuously on x. Thus even for the scalar case, the results here are not covered by the other papers, although there are some overlaps. Moreover, our emphasis here is on degenerate systems (Section 3) and their applications (Section 4). These results are quite different and generalize the papers mentioned above to practical interesting cases. Other relevant results for the nondegenerate cases can be found in [S, 9, 111. In Section 2, we discuss some existence and uniqueness theorems for scalar equations, which we use in Section 4 for ecological models. Monotone iteration is used to obtain a sequence which converges in W*,P(D) n W$p(D) to a maximal solution. This procedure is used again in the proof of Theorem 4.2. In Section 3, we adapt the hypotheses in Section 2 to deduce an existence theorem for systems. We use Schauder's fixed point theorem to find a positive solution in w*~~(D)n W,$p(D) for the system between appropriate upper and lower solutions. In Section 4, we apply the results to simple ecological prey-predator models of interest.
Comparing the results with those for the nondegenerate case (m = 1) in [lo], we find that (4.3) in Theorem 4.1 is a much less stringent sufficient condition for coexistence in the degenerate case. For example, we do not assume that the intrinsic growth rates of the species are larger than the principal eigenvalue of the domain. In Theorem 4.2, although the equation is nondegenerate, we allow the intrinsic growth rate a(x) to be discontinuous and to have negative values somewhere. We obtain a sufficient condition for the existence of a nonnegative solution for this model, which is relevant in ecology (cf. [8, 13, 141) . Finally, we note that when $(a) = u, our results in Sections 2 and 3 include the case of nondegenerate diffusion.
EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR SCALAR EQUATIONS WITH SPATIAL DISCONTINUITIES
Before discussing systems of equations, we study the existence and uniqueness problems for scalar equations of the type
Here D is a bounded connected domain in RN (Na 2) with boundary aD E c2; A = CF=, a*/axf is the Laplacian operator. The functions
are assumed to satisfy the following hypotheses: for XED ax., O<y,dy26b.
(H3) For each fixed x E D a.e., the function f'(x, JJ)/$(JJ) is a strictly monotonic increasing or decreasing function in y for y E [0, 61.
The hypotheses and results in this section will lead to insights for the study of systems in the next section. For fixed ideas, we give the following definitions. DEFINITION We first prove an existence result for a nonnegative solution between the "upper" and "lower" solutions in the sense of (2.3) below. where C is a positive constant which depends only on D andp. Letting _u= Ii/(w), ii= $(W), we have by hypothesis (Hl) that Od_ud U < +(b) in 6, and u, U E C(b). Hence, as above, we obtain S(g), S(U) in W2vp(D) n Wisp(D) as the unique solution of (2.4) corresponding to g and ii, respectively.
We now construct a monotonic sequence {ui} which will converge in W2,p(D) to a solution of (2.2). First, define uO= U in 6. Since 0 < I,-'(uj) < t+-'(ujp 1) G 6, we obtain from (H2, iii) that
a.e. in D, and (2.13) yields
a.e. in D, (2.14) uj+l-uj= 0 on aD.
It follows from the maximum principle (see [6, p. 2251 ) that uj+ i < uj in D. Analogously, using (2.9) for i=j and (2.3a) as before, we obtain by the maximum principle that _u < uj+ I in 4. By induction, we have g< ... <ui+l<ui< ... <u,<u,<u, in D.
We can therefore define by pointwise convergence in D
By the Lebesgue Convergence Theorem, {&&+f(x, Ic/-'(ui))} must be a Cauchy sequence in Lp(D). From the equations satisfied by ui + 1 -uj+ i, we obtain the estimate as in (2.5) that 
for n = 1, 2,.... Subtracting the two previous equations, we obtain Proof Let gi=$(wi), Ui=$(Wi), Xi= {uEC(D), gi<ui<Ui in D}, i = 1, 2, and let M be described as in (R2, iii). The set X, x X2 is a bounded closed convex set in C(a) x C(a). We define the map T: X, x X, -+ X, x X, as for any 4~ CA(D), 4 > 0, we deduce that uI GO,. We apply the same procedure to prove that uz E X,.
We next show that T is a continuous operator from X, x X, into itself.
Let (uy), z$)) be a sequence in X, x X,, which converges to (u, , u2) in X, x X,. Define (uy', u?') = T(u(ln),uF)), and (ul, u2) = T(u,, u2) as in (3.1).
By the classical LP-estimate for the linear problem (3.3), we have IIuyq*,p< ci Ilfi(x, *-'(u',"'), $-'(U:"'))+MUyllp Here the norm is taken in C(B). Using the same argument as that used above, by replacing {vi"'] with {ui?'}, we can select a subsequence of { v~"~)} which converges to ui in C(D). This contradicts the inequality (3.11). Consequently, {us"'} converges to vi in C(d) as i-+ co. This leads to the conclusion that T is a continuous operator from X, x X2 into itself. We finally show that T is a compact operator. From (3.6), T maps a bounded set in X, xX2 to a bounded set in W,$p(D) x Wi,p(D). By the Sobolev Compact Imbedding Theorem, the identity map from W;,"(D) to C(b) is compact. Hence, we can view T as a composition of a bounded map from X, x X2 to Wisp(D) x W,$p(D) followed by a compact identity map from WASP(D) x Wivp(D) to X, x X2 ; and we conclude that T is a compact operator from X, x X, into itself. Schauder's fixed point theorem asserts that T has a fixed point (u:, u:) in X, xX2. It follows from (3. The fact that (UT, u;) is in X,x X2 implies that (UT, u;) is in W2'p(D) n Wixp(D) and that _uj < u,+ < Ui is in d for i = 1,2. Consequently, is a positive solution of (3.1) with wi<
The following corollary is sometimes more readily applicable than Theorem 3.1. Similarly, we can verify the rest of the inequalities in (3.2). By application of Theorem 3.1, the proof is completed.
APPLICATIONS TO ECOLOGICAL MODELS
In the first part of this section, we apply the results in Section 3 to a prey-predator ecological model with degenerate density-dependent diffusion We define u = _o = (S$)'jm in D for a small 6 > 0 to be determined. Thus they satisfy _u=_v=O on dD, _u=_o>O in D. Also, we define ii=b,, C=b,. We verify that
for all _v<v<,<, (4.7)
AC" + C(e(x) +fu -gCk) < $2 +fi -gCk) = 0 for all _u < u < il. In the second part of this section, we consider a population model with possibly discontinuous growth rate of the following type: Thus, if v is the solution to (4.22), we have u(t, x) > v(t, x) > 0 in (0, + co) x D (the last inequality follows from the maximum principle). Thus w(x)>0 in D, by the definition of u (here use has been made of comparison results for upper solutions in the sense of distributions; this result can be found in [2] ). Finally, we prove that such a w is unique. Let w* be the solution of (4.11) obtained from the monotonic convergence sequence as in Lemma 2.1, using w. = ii/b as the first iterate and defining wj+, = S(wj), (recall I/(S) = s). Using the fact that w < wo, we can prove that w < wj in D by using the maximum principle as in (2.14) with uj+ r and uj respectively replaced by w and wj. This leads to the fact that 0 < w < w* in D. Let where Q2,= {x~DJz(x)<w*(x)} and Q,= {xED~O<Z(X)<W*(X)}. The last equality follows from the fact that f (x, 0) = 0 for x a.e. in D. However, 
